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An expe r imen ta l  study was made of the heat t r a n s f e r  d is t r ibut ion during gas  injection into the 
supersonic  region of a Lava l  nozzle.  The d imens ion less  p a r a m e t e r s  governing this p r o c e s s  
have been es tab l i shed  as  a resul t .  

Recent ly  r e s e a r c h e r s  have become g rea t ly  in te res ted  in studying supersonic  flow with t r a n s v e r s e  
injection of a secondary  gas.  In some r e p o r t s  the gasdynamic  a spec t s  have been covered  thoroughly 
enough but no data at  al l  a r e  given about the heat  t r a n s f e r ,  although such data a r e  n e c e s s a r y  for  a comple te  
solution of the p rob lem. . In  this study the au thors  have a t t empted  to fill  that  gap. 

The methodology of the expe r imen ta l  pa r t  was  desc r ibed  in [1]. The gis t  of the t e s t  p rocedure  was to 
m e a s u r e  the heat  t r a n s f e r  coeff icient  on the bas i s  of the t r ans ien t  heating of a spec ia l  p robe ,  the l a t t e r  
c o m p r i s i n g  a long cy l inder  t he rma l ly  insulated around its  l a t e ra l  su r face  and mounted into the channel 
wall.  Such a cyl inder  was  mounted with i ts  end flush aga ins t  the wal l  su r face  exposed to the gas  s t r eam.  
The t e m p e r a t u r e - t i m e  curve  of a p robe  was  m e a s u r e d  with a thermocouple  built  into it at  a d is tance x f r o m  
the end face  exposed to the gas  s t r e am .  The heat  t r a n s f e r  coeff ic ient  was  then de t e rmined  accord ing  to 
the  fo rmula  

T (x, T) - -  T O = eric x exp (Hx + H2aT) 
T 1 - -  To 2 V'hT 

X eric ( x / 2 t  ~-  + H V ~ -  , (1) 

which had been der ived  f r o m  the solution to the p r o b l e m  of t r ans i en t  heating of a semiinf in i te ly  long cyl inder  
with boundary conditions of the third kind [2]. The s ame  solution may  be wr i t ten  in c r i t e r i a l  fo rm,  namely  

0 = eric 1 (' 1 ) 2 ]/'ffb-~-o~ exp (Bi~. + Bi~ Fox) eric , 2 ]/~/.~. + Bix v~ff~~ ' (2) 

where  

O =  T(x" T)--To ; (3) 
T I - -  T o 

H : ~z ff, X a T  ; Bf.~ = - -  ; Fox --- (4) 
;~ ~ x ~ 

The length of such a t h e r m a l l y  insulated rod was  designed so as  to p reven t  any t e m p e r a t u r e  p e r t u r b a -  
t ion f r o m  reaching  i ts  unexposed end during the en t i re  per iod.  

F o r  the expe r imen t  we had 30-40 such rod  p r o b e s  mounted into the nozzle wal l  throughout the gas  
inject ion zone. The the rmocouple  readings  were  r eco rded  on model  N-700 loop osc i l lographs .  These  
the rmocoup les  covered  one half  of the ant ic ipated flow per tu rba t ion  zone. Symmet r i ca l l y ,  in the o ther  
half  of the flow pe r tu rba t ion  zone we m e a s u r e d  the p r e s s u r e  field and, by such an a r r a n g e m e n t ,  the heat  
t r a n s f e r  c h a r a c t e r i s t i c s  could be matched  with the gasdynamic  a spec t s  of the flow pat tern .  
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F o r  the exper iment  we used supersonic  conical nozzles  with the Mach number  equal to 2.75 or  3.36 
in the plane of injection, all mounted on a gas genera tor .  As the operating medium (both as the working 
gas and as the injected gas) we used the products  of kerosene  combustion in a i r  at a stagnation t empera tu re  
T~ ranging f rom 600 to 1700~ under a total p r e s s u r e  P~ = 20-43 bars .  Gas was injected normal ly  to the 
nozzle wall through a c i r cu l a r  orif ice 4-12 mm in d iamete r  (d2). This secondary gas for  injection was 
supplied f rom the combustion chamber  of the gas genera tor .  The discharge  rate of secondary  gas was 
var ied  by changing the d iamete r  d 2 of the injection orif ice and by placing flow diaphragms in the supply pipe , 
as a resul t  of which var ious  modes of gas supply could be simulated: by p r e s s u r e  thrott l ing or  by varying 
the section a rea  of the injection nozzle. The distance f rom the injection orif ice to the throat  of the main 
nozzle was such that the curved density jump preceding an injected jet did not form at the nozzle wall and 
that no ref lected shock wave appeared as a result .  The Reynolds number  Re 1 var ied f rom 106 to 8.106. 

Highly significant to the final resu l t s  of such a study is the choice of the cha rac te r i s t i c  t empera ture  
Tf, in this case the local t empera tu re  of the boundary layer  in the per turbat ion zone of the gas s t r eam 
- analogous to the r ecove ry  t empera tu re  T e in a boundary layer.  It is well known that this t empera ture  
depends on the degree of dissociat ion of the working gas,  on the relative radiation intensity, on the con-  
ditions of heat t r ans fe r ,  etc. Under the conditions of our exper iments  there occur red  a lmost  no d i s soc i a -  
tion and the radiant  thermal  flux str iking the nozzle wall consti tuted a negligible f ract ion of the total the rmal  
flux here.  A numer ica l  analysis  pertaining to such test  conditions yielded a cha rac te r i s t i c  t empera ture  
Tf approximately  5-8% lower than T~, i. e. , Tf -~ (0.92-0.95)T~ and this value served as the basis for  
fur ther  analysis .  Actual measuremen t s  of Tf yielded Tf/T~ = (0.92-0.95) • 

A typical  profile of the relat ive heat t r ans f e r  coefficient ff = s / s  0 along a nozzle,  2 = X l / d 2 ,  is shown 
in Fig. 1, for a p r e s s u r e  P* = 32 bars  and a rat io of stagnation t empera tu res  T~/T~ = 0.95 at three d i f fe r -  
ent relat ive flow ra tes  of injected gas. An angular  profile (central angle gl) of 5 is shown in Fig. 2 for the 
same conditions a c r o s s  a t r ansve r se  nozzle section. 

The values of the heat t r ans fe r  coefficient s measured  during gas injection into a nozzle have been 
r e f e r r e d  to the respect ive  local values s 0 for  the same nozzle with the same working gas s t r eam measured  
under  the same conditions but without injection. The choice of these s 0 values as the natural  scale for s 
has helped to reduce the possible sys temat ic  e r r o r  in this method of determining the heat t r ans fe r  coeff i -  
cient. Its values c~ 0 obtained without injection into the nozzle were then compared  with values found by 
var ious  methods of calculating it (by the formula  for cyl indr ical  pipes,  by the Bartz ,  the Avduevskii,  the 
Ievlev, or  other  methods) and the agreement  was found sat isfactory.  

According to Figs. 1 and 2, within the injection zone the heat t r ans fe r  pat tern  undergoes a ma jo r  
modification and the heat t r ans fe r  rate inc reases  at  the entire nozzle surface bounded by the perturbat ion 
zone. In o rde r  to explain this, we compare  the heat t r ans fe r  cha rac t e r i s t i c s  with the p r e s s u r e  field data 
obtained in the same experiment.  

A simultaneous analysis  of these resu l t s  and ea r l i e r  published resu l t s  pertaining to the physical  
interact ion between s t r eams  during injection of gas into a supersonic  s t r eam [3, 4, et al. ] has shown that '  
the heat t r ans f e r  coefficient passes  through a local  minimum on the separat ion line of the t h r ee -d imen-  
sional boundary l ayer  (length s). This ag rees  closely with the conclusion in [5], where it has been sug-  
gested that the separat ion point of a boundary l ayer  be determined on the basis  of the minimum heat t r ans fe r  
coefficient s .  The heat t r ans f e r  coefficient is maximum on the diffluence line a ahead of the injected jet 
(Fig. 1). The resul ts  obtained agree  closely with photographs taken by the Tepler  method (see, e. g . ,  [3]), 
where  ~max  cor responds  to the curved density jump occur r ing  at the nozzle wall. Direct ly ahead of a jet 
the heat t r ans fe r  coefficient dec reases  sharply,  which has to do with the p resence  here  of a stagnation 
zone. It is to be noted that a thermal ly  insulated rod probe for  determining the local heat t r ans fe r  coef -  
ficients has finite dimensions and that this  causes  some averaging of the measured  ~ values. Fo r  a more  
accura te  determinat ion of ~max,  therefore ,  into the injection nozzle were  inserted special  d iaphragms 
with inside holes somewhat eccentr ic  relat ive to the outer  c i r cumference ,  which made it possible to r e -  
gulate -- within the amount of this eccent r ic i ty  --  the location of the injection orif ice in the nozzle wall 
re la t ive to the fixed thermal ly  insulated rod probes .  The heat t r ans f e r  coefficient increases  also behind 
an injected jet. It is interest ing to note that ~ ~ s 0 over  the distance ~ = 8 to 10, i. e . ,  the perturbat ion 
a lmost  ceases  to affect  the heat t r ans f e r  here ,  and this indicates a regu la r  flow within that zone. The 
angular  var ia t ion of ~ ,  namely as  a function of the cent ra l  angle ~1, duplicates the gasdynamic pattern:  
maxima of the heat t r ans fe r  coefficient cor respond  to the diffluence lines and its minima cor respond  to the 
confluence lines in the o i l - t r aced  flow pattern.  
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Fig.  1. Var ia t ion  of the heat  t r a n s f e r  coeff ic ient  along a nozzle,  
dur ing injection of a sonic je t  through a c i r c u l a r  or i f ice  (d 2 = 10 m m ,  
Ma1=2-75):1} G2 = 2.2%, 2} 4.75%, 3) 7.5%. 

Fig. 2. Dis t r ibut ion of the heat  t r a n s f e r  coeff icient  a c r o s s  the 
t r a n s v e r s e  nozzle  sect ion a t  x l / d2=  4.1, where  Ma 1 = 2.75, during 
gas injection: 1) G 2 = 2.2%, 2) 4.74%, 3) 7.5%; r (deg). 

Our expe r imen ta l  study concerning the effect  of the va r ious  p a r a m e t e r s  of both the working and the 
secondary  s t r e a m  on the heat t r a n s f e r  r a t e  within the pe r tu rba t ion  zone has shown that  ~ is bas ica l ly  a f -  
fected by the re la t ive  flow ra te  of the secondary  gas  G2 = G2/G1 and by the Mach n u m b e r  of the working 
s t r e a m  Ma 1 in the inject ion plane. The s tagnat ion p r e s s u r e  of the injected gas  1~ a t  a constant  flow ra t e ,  
as  wel l  as  the p r e s s u r e  I ~  and the t e m p e r a t u r e  T~ of the working s t r e a m ,  have a lmos t  no effect  on the 
re la t ive  heat  t r a n s f e r  coeff icient  ~ ,  ne i ther  does  the shape of the working nozzle or  the shape of the in-  
ject ion nozzle.  

The m a x i m u m  value of the heat  t r a n s f e r  coeff icient  ~ has been plotted in Fig. 3 as  a function of the 
re la t ive  injection ra te  and as  a function of the Mach number  in the oncoming s t r e a m .  It is quite evident 
he re  that  the re la t ive  injection ra t e  has a dec i s ive  ef fec t  on ~max" An i nc r ea se  in the Mach number  a lso  
b r ings  about some i nc r ea s e  in the m a x i m u m  heat  t r a n s f e r  coefficient .  This  means  that  shifting the in jec -  
t ion or i f ice  in the nozzle  wall  c l o s e r  toward the c r i t i c a l  nozzle  sect ion would cause  the m a x i m u m  re la t ive  
heat  t r a n s f e r  coeff ic ient  ~ m a x  to d e c r e a s e  somewhat ,  but its absolute  value would i nc rea se  toge ther  with 
the local  r e l a t ive  heat  t r a n s f e r  coeff ic ient  ~0- 

In o r d e r  to e s t ab l i sh  the govern ing  p a r a m e t e r s  of the p r o c e s s  under  study, we will  r e s o r t  to d i m e n -  
sional  ana lys i s  and thus r evea l  those d imens ion les s  p a r a m e t e r s  without having to se t  up equations to de -  
s c r ibe  the said p r o c e s s  [6]. 

All independent p a r a m e t e r s  in this p ro b l em which de sc r i be  the model  phenomenon will be enumera t ed  
as  fol lows,  with the heat  t r a n s f e r  coeff ic ient  a t r ea t ed  as  the sought unknown quantity: coord ina tes  of points 
in the nozzle x 1, ~ t ,  p a r a m e t e r s  of the working gas  w 1, Pl, Cpl, hi, ~i, R1, T1, p a r a m e t e r s  of the injected 
gas  w 2, P2, Cp2, ~ ,  ~/2, R2, T2, nozzle  d i a m e t e r  a t  a g iven sec t ion  D 1, injection angle ~, wal l  t e m p e r a t u r e  
T w, acce l e r a t i on  of g rav i ty  g, nozzle  a p e r t u r e  angle ~/1, d is tance  f r o m  the c r i t i ca l  sect ion l t, prof i le  
p a r a m e t e r s  1]1 and 1] 2 of the working nozzle  and the injection nozzle  r e spec t ive ly ,  d i a m e t e r  of the injection 
or i f ice  d 2, sca le  f ac to r s  of  turbulence  intensi ty  l T and e, and d i scha rge  coeff ic ient  of the injection nozzle 

/~2. 

Thus ,  we have a se t  of 29 p a r a m e t e r s  which de t e rmine  the heat  t r a n s f e r  in the nozzle and in the p e r -  
turba t ion  zone dur ing gas  injection. The fundamental  units  will  be he re  the k i l og ram (kg), the m e t e r  (m), 
the second (w and the deg ree  Kelvin  (~ 

The p r o c e s s  will  be r ega rded  as  quas is teady.  We apply Buck ingham's  ~r theorem.  The total  nu mb e r  
of  d imens ion less  g roups  will  be 

r = n - - r e '  = 2 9 - - 4 = 2 5 .  (5) 
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Fig .  3. M a x i m u m  h e a t  t r a n s f e r  c o e f f i c i e n t  ~ m a x  a h e a d  of  an  i n -  
j e c t e d  j e t ,  a s  a func t ion  of  the  r e l a t i v e  f low r a t e  of  the  i n j e c t e d  g a s  
G (%): 1) M a  1 = 3.36,  2) 2.75; fi = 90 ~ . 

F ig .  4. U n i v e r s a l  r e l a t i o n  fo r  the  m a x i m u m  h e a t  t r a n s f e r  c o e f -  
f i c i e n t  a t  a n o z z l e  c r o s s  s e c t i o n  beh ind  the i n j e c t i o n  o r i f i c e .  

One d i m e n s i o n l e s s  quan t i t y  ~ a m o n g  t h e m  w i l l  be a func t ion  of 24 o t h e r  d i m e n s i o n l e s s  q u a n t i t i e s .  Con-  
t inu ing  the d i m e n s i o n a l  a n a l y s i s  a s  in [6], we  f ind tha t  the  so lu t i on  to the  p r o b l e m  of  hea t  t r a n s f e r  d u r i n g  
s e c o n d a r y  i n j e c t i o n  of g a s  into the  n o z z l e  m a y ,  f o r  e x a m p I e ,  be put  in the  fo l lowing  f o r m :  

= , (Pl, I~el, Re~, Pl-~, Pr 2, Fr, Mal, Ma~,yt , 6, hi, ko, HI, H2, 

, , ( 6 )  
l x l, r D 1 w. ,  ~ 2w~ T ~  T w 

, , , e ,  laa, " , 2 , T'; ' T ]  ) d 2 do 1, w, plw 1 

In a m o r e  g e n e r a l  f o r m u l a t i o n  of  the  p r o b l e m  th i s  s e t  of  d i m e n s i o n l e s s  g r o u p s  w i l l  a l s o  i nc lude  the S t r o u h a l  
n u m b e r  Sh = C~ro/l wi th  r O deno t ing  the  c h a r a c t e r i s t i c  t i m e .  

E v i d e n t l y ,  the  m o s t  g e n e r a l  s o l u t i o n  to the  p r o b l e m  i s  e x t r a o r d i n a r i l y  c o m p l e x  in f o r m .  F o r  s i m p l i -  
f i c a t i o n ,  t h e r e f o r e ,  i t  b e c o m e s  n e c e s s a r y  to e x a m i n e  e a c h  d i m e n s i o n l e s s  g r o u p  h e r e  a s  to i t s  e f f ec t  on the  
sough t  r e s u l t ,  i. e . ,  a s  though to e s t a b l i s h  c o e f f i c i e n t s  which  would  c h a r a c t e r i z e  the  e f f ec t  of e a c h  of  t h e s e  
p a r a m e t e r s .  In the  l a c k  of  an  a n a l y t i c a l  s o l u t i o n  to the  p r o b l e m ,  n a t u r a l l y ,  the  e f f ec t  of  e a c h  g r o u p  on the  
p r o c e s s  can  onIy be found e x p e r i m e n t a l l y .  

The  t e s t  r e s u l t s  r e v e a l i n g  the  e f f e c t  of  the  d i m e n s i o n l e s s  p a r a m e t e r s  in Eq. (6) on the  r e l a t i v e  h e a t  
t r a n s f e r  c o e f f i c i e n t  ~ u n d e r  g iven  c o n d i t i o n s  (/3 = 90 ~ Ma 2 = 1, e tc .  ), a s  w e l l  a s  o t h e r  t e s t  d a t a  p u b l i s h e d  
in the  t e c h n i c a l  l i t e r a t u r e ,  have  m a d e  i t  p o s s i b l e  to e l i m i n a t e  t h o s e  p a r a m e t e r s  wi th  r e s p e c t  to wh ich  the 
p r o c e s s  i s  a l m o s t  s e l f - a d j o i n t .  The  f i na l  s o l u t i o n  f o r  o u r  s p e c i f i c  c a s e  b e c o m e s  then  

- [x~  P2F2 ] (7) o~ == f - - ,  q),, Mal, . d~ pfl()~)- larea 0w " 

R e p r e s e n t i n g  a by ~ = a / a  0 r a t h e r  than  in t e r m s  of  the  N u s s e l t  n u m b e r  has  to do wi th  the  f ac t  t ha t  the  
r e l a t i v e  hea t  t r a n s f e r  r a t e  i s  a l m o s t  s e l f - a d j o i n t  w i th  r e s p e c t  to the  R e y n o l d s  n u m b e r  Re  1 o v e r  i t s  t e s t  
r a n g e ,  wh i l e  Nu = f(Rel)  and  the  u s e  of  ~ i n s t e a d  a p p e a r s  thus  Iog i ca l .  B e s i d e s ,  N c a n  a l s o  be e x p r e s s e d  a s  

al 

N ~ -  Nu L1 - - a .  ( 8 )  
Nuo aol 

The  c o m p l e x  p~F~ _ G~ r e p r e s e n t s  the  r a t i o  of  f low r a t e s ,  the  f low r a t e  of  i n j e c t e d  g a s  to  
P]q @1)" 1 area  G1 �9 1 area 

F1 
the  f low r a t e  of w o r k i n g  g a s ,  p e r  uni t  a r e a .  

When  fi ~ 90 ~ and Ma 2 ~ 1, then  the so lu t i on  f o r  the  c a s e  of  s e c o n d a r y  g a s  s u p p l i e d  f r o m  the  c o m b u s -  
t i on  c h a m b e r  c a n  be  w r i t t e n  in  the  f o r m  
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where  ~ = (p2w2/plw2), 0 w = (Tw/Tt~, and x* = m2w2[(00t/w2)--cos fl]; complex  (x*/mlwl) �9 (~2/wl)(1--cos fi) 
has  been introduced e a r l i e r  by B. S. Vinogradov and V. T Panchenko. This  complex  gene ra l i zes  the e f -  
fect  of the d imens ion less  p a r a m e t e r s  fi, k 1, k2, Re2, ~ 2 / w l ,  (R2T2/R1T1). 

It mus t  be noted that  the se t  of g roups  in Eq. (6) can be obtained by a d i f ferent  method too, namely  
by an ana lys i s  of the equations for  the working s t r e a m  and the secondary  s t r eam.  These  equations include 
the conserva t ion  of total  gas  flow in the nozzle ,  of  energy ,  and of momen tum,  the equation of s tate  for  the 
working gas  and for  the injected gas ,  etc.  

Despi te  the g r e a t  s impl i f ica t ion  achieved by expres s ing  the solution to the p rob lem in the f o r m  (7) 
r a t h e r  than in the f o r m  (6), the r ep re sen ta t i on  of expe r imen ta l  r e su l t s  in the f o r m  (7) was  found c u m b e r -  
some,  owing to the complexi ty  of the ~ - f i e l d  in the pe r tu rba t ion  zone of the nozzle.  

F o r  this r ea son ,  we w e r e  able to der ive  re la t ions  of this  kind only f r o m  data with a few typ ica lva lues  
of ~ in the pe r tu rba t ion  zone and not the en t i re  @-field. 

In Fig. 3 a r e  shown some data per ta in ing to the  m a x i m u m  re la t ive  heat  t r a n s f e r  coeff icient  ~ m a x  
in the region ahead of an injected jet ,  with Ma 2 = 1 and fi = 90 ~ These  r e su l t s  can be approx imated  by the 
re la t ion  

- [ , PsF2 ]0,45 
CCraax ----- 1 -}-Ma~ "3s Plq(-~l): larea 0,19 . (10) 

The locat ion where  ~ = ~ m a x  occurs  ahead of a je t  is de te rmined  f r o m  the re la t ion  

d~ 
Xrn - -  

2 
d~ = 0.2-0.25, (11) 

X s - -  
2 

with x m denoting the coordinate  of the point where  ~ = ]2lax" 

The m a x i m u m  heat  t r a n s f e r  coeff ic ient  in the pe r tu rba t ion  zone at  an a r b i t r a r y  nozzle sect ion behind 
the inject ion or i f ice  is de te rmined  f r o m  the re la t ion  

P: 
which gene ra l i z e s  the expe r imen ta l  data  for  x _> 0, fl = 90 ~ and Ma 2 = 1 (see Fig. 4). Here  ~x  = ~x/-6max 
and ~x  is  the m a x i m u m  re la t ive  heat  t r a n s f e r  coeff icient  at  any nozzle sect ion behind the injection orif ice.  

Relat ions  (10) and (12) do not contain the p a r a m e t e r  0 w, because  i ts  effect  has not been the concern  
of our  study. 

The re la t ions  der ived  can be useful  in the des ign of t h e r m a l  pro tec t ion  fo r  nozzles  with secondary  
injection,  for  the cont ro l  of the draf t  vec tor .  

OL 

X 

X1 

T 

P 
T 
W 

P 
Cp 
m 

N O T A T I O N  

is the heat  t r a n s f e r  coefficient;  
is the d is tance  between the rod end exposed to the s t r e a m  and any point in the body; 
is the coordinate  of a point on the nozzle su r face ,  m e a s u r e d  along the gene ra t r i x  f r o m  the c r o s s  
sec t ion  through the cen te r  of the injection or i f ice;  
is  the cen t ra l  angle between the g e n e r a t r i c e s  of the nozzle sur face  through the cen te r  of the injection 
or i f ice  and through any given point respec t ive ly ;  
is  the t ime;  
is the p r e s s u r e ;  
is  the t e m p e r a t u r e ;  
is the veloci ty;  
is  the densi ty;  
is the specif ic  heat  at constant  p r e s s u r e ;  
is the m a s s ;  
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F is the sur face  a rea ;  
G is the gas  flow ra te  p e r  second; 
a is the t h e r m a l  diffusivity;  

is the t h e r m a l  conductivity;  
7? is the dynamic v iscos i ty ;  
D, d a re  the d i a m e t e r s ;  
l is the length; 
R is the gas  constant;  
k is the adiabat ic  exponent; 
/3 is the injection angle; 
3' is the ape r t u r e  angle of a conical  nozzle; 
r is the total  num be r  of d imens ion les s  groups;  
n is the total  number  of d imens ion les s  p a r a m e t e r s ;  
m '  is the number  of independent units;  
Re is the Reynolds number ;  
P r  is the P rand t l  number ;  
Nu is the Nusse l t  number ;  
Bi is the Blot number ;  
Fo is the F o u r i e r  number;  
F r  is the Froude  number ;  
Sh is the Strouhal number ;  
Ma is the Mach number;  

Subscripts 

0 refers 
1 refers 
2 refers 

w refers 
max refe rs 
e refers 

x refers 

asterisk* refers 

to initial values of parameters or their values without gas injection into the nozzle; 

to parameters of the working gas; 
to parameters of the secondary gas; 

to parameters at the nozzle wail; 
to maximum value; 
to recovery values; 
to values at any nozzle cross section; 

to stagnation values. 

i. 

2. 
3. 
4. 
5. 
6. 
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